A topological space TO(S) of total orderings on any given set S is introduced and it is shown that TO(S) is compact. The set NO(N ) of all normal orderings of the n th Weyl algebra W is a closed subspace of TO(N ), where N is the set of all normal monomials of W . Hence NO(N ) is compact and, as a consequence of this fact and by a division theorem valid in W , we give a proof that each left ideal of W admits a universal Gröbner basis. These notes have been inspired by the beautiful article [5] of A. Sikora.
TOPOLOGICAL SPACES OF TOTAL ORDERINGS OF SETS
In this section, let S be a set. Given any ordered pair (a, b) ∈ S ×S, let U (a,b) be the set of all total orderings on S for which a b. Let U be the coarsest topology on TO(S) for which all the sets U (a,b) are open. This is the topology for which {U (a,b) | (a, b) ∈ S × S} is a subbasis, i.e. the open sets in U are precisely the unions of finite intersections of sets of the form U (a,b) . Observe that U (a,a) = TO(S) and that U (a,b) = TO(S) U (b,a) if a b, so that the open sets U (a,b) are also closed.
Let S be any filtration of S, i.e. a family S := (S i ) i∈N 0 of subsets S i of S with S 0 = ∅, S i ⊆ S i+1 for all i ∈ N 0 and S = i∈N 0 S i . We define the function d S : TO(S) × TO(S) → R by putting d S ( ′ , Proof. Let r ∈ N 0 and ∈ TO(S). We claim that N r ( ) ∈ U . Let U := (a,b) U (a,b) , where the intersection is taken over all ordered pairs (a, b) ∈ S r+1 × S r+1 with a b. Then ∈ U ∈ U . Hence ′ ∈ N r ( ) if and only if ′ ↾ S r+1 = ↾ S r+1 , and this is the case if and only if it holds a ′ b ⇔ a b for all (a, b) ∈ S r+1 ×S r+1 , which is true if and only if ′ ∈ U. Thus N r ( ) = U, and this shows that N ⊆ U .
On the other hand, let (a, b) ∈ S × S be any ordered pair. We claim that the set U (a,b) is open with respect to the metric d S . Let ∈ U (a,b) , so that a b. We find r ∈ N 0 such that (a, b)
is open with respect to N , and we conclude that U ⊆ N . CONVENTION 1.3. From now on, when we say "the topological space TO(S)", we always mean TO(S) endowed with the topology U . With "topological subspace of TO(S)" we always intend a subset of TO(S) provided with its relative topology with respect to U . DEFINITION 1.4. An ultrafilter U on a given set X is a family of subsets of X such that (a) ∅ U , Let be a binary relation on S defined by a b :⇔ {s ∈ I * | a s b} ∈ U . By axioms (c) and (a) of 
Proof. It holds SO
b∈S {a} U (b,a) , thus SO a (S) is closed in TO(S). As TO(S) is compact by 1.5, the closedness of SO a (S) in TO(S) implies that SO a (S) with the relative topology is compact.
UNIVERSAL GRÖBNER BASES IN WEYL ALGEBRAS
In this section, let K be a field of characteristic zero and n ∈ N.
We denote by W the n th Weyl algebra K ξ 1 , . . . , ξ n , ∂ 1 , . . . , ∂ n with ξ i ξ j − ξ j ξ i = 0 and ∂ i ∂ j − ∂ j ∂ i = 0 and ∂ i ξ j − ξ j ∂ i = δ ij over K, where δ ij ∈ K is the Kronecker delta. We remind that W is a central simple left noetherian K-algebra and a domain, see [1] and [2] .
We write K[X, Y ] for the commutative polynomial ring over K in the indeterminates X 1 , . . . , X n and
Thus each w ∈ W can be written in canonical form as a sum (λ,µ)∈supp(w) c (λ,µ) ξ λ ∂ µ for a uniquely determined finite subset supp(w) of
For each w ∈ W we define the set Supp(w) := {ξ λ ∂ µ ∈ N | (λ, µ) ∈ supp(w)}, which we call the support of w. For each subset V of W we put Supp(V ) := v∈V Supp(v). 
DEFINITION 2.5. According to [6] and equivalently to [3] , a monomial ordering We check now that φ is continuous. As φ is bijective, so that φ commutes with intersections and unions, it is sufficient to consider any subbases of MO(M ) and NO(N ). So, let (a, b) ∈ M × M and consider the open subset For each ∈ NO(N ) and each w ∈ W + we write lm (w) for the greatest normal monomial in the canonical form of w with respect to and denote Φ (lm (w)) by LM (w).
Proof. NO(N ) is of course a subset of SO 1 (N ). Let (S i
Let ∈ NO(N ) and w ∈ W + . If c ∈ K + is the coefficient of lm (w) in the canonical form of w, we write ls (w) for c lm (w) and LS (w) for Φ (ls (w)). Whenever u, v ∈ W + and ls (u) = aξ λ ∂ µ and ls (v) = bξ ρ ∂ σ with a, b ∈ K + and λ, µ, ρ, σ ∈ N n 0 such that λ i ≥ ρ i and µ i ≥ σ i for all i ∈ {1, . . . , n}, we write ls (u) ls (v) for ab − 
REMARK 2.12. Let ∈ NO(N ) and put ≤ := φ( ). Since Φ is a K-isomorphism, one easily sees that 
Choose any (λ, µ) ∈ supp(u) and any (ρ, σ) ∈ supp(v). If there exists i ∈ {1, . . . , n} such that We write u and v in canonical form as u
Clearly, an analogous result holds for all (ρ, σ) ∈ supp(v) {(ρ, σ)}. By compatibility it follows immediately that X λ+ρ Y µ+σ < X λ+ρ Y µ+σ for all ((λ, µ),
. By (a) and the shown inequalities Proof. Without restriction we assume that V L (F) ∅. Let ∈ V L (F). So F is a Gröbner basis of L with respect to . Let (S i ) i∈N 0 be a filtration of N consisting of finite sets S i . We find r ∈ N 0 such that the finite subset Supp(F) of N lies in S r+1 . In the notation of 1. 
